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The link of the Division Algebras to 10-dimensional spacetimc and one 

leptoquark family is extended to 26-dimensional spacetime and three 

leptoquark families. 



Notation: 

• O - octonions: nonassociative, noncommutative, basis {1 = eo,ei, ...,67}; 

• Q - quaternions: associative, nonconimutative, basis {1 = (/Qj 9ij 92, 93}; 

• C - complex numbers: associative, commutative, basis {!,«}; 

• R - real numbers. 

• Kl^Hr - the adjoint algebras of left and right actions of an algebra K on 
itself. 

• K(2) - 2x2 matrices over the algebra K (to be identified with Clifford 
algebras) ; 



CC{p, q) - the Clifford algebra of the real spacetime with signature (p+,q-); 
• 'K - 2xf matrices over the algebra K (to be identified with spinor spaces); 
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• Ol and Oji are identical, isomorphic to R(8) (8x8 real matrices), 
64-dimensional bases are of the form 1, CLa, SLab, eiafcc, or 1, CRa, SRab, SRabc, 
where, for example, if x G O, then e^abH = ea(ebx), and eRab[x] = 
{xea)et (see [1]); 

• Q^ and Q^^ are distinct, both isomorphic to Q, bases 

{1 = qLQ,qLi,qL2,qL3} and {1 == ^0,^1,^2,9^3}; 

• Cl and Cr are identical, both isomorphic to C (so wc only need use C 
itself); 

• T = C(X)Q(8)0, 64-dimensional; 

• Tl = Cl®Ql'» Ol, isomorphic to C(16) - CC{0, 9) ~ C ® CC{0, 8); 

• NOTE: the only part of Ti^^ missing from T^ is Q^; 

• S = C®Q(X)Q(g)Q(X)0(8)0(8)0; 

• Si = Cl ® Qi ® Ql "X) Ql ® Ol Ol (8) Ol, isomorphic to 

C(2i2) - C/:(0, 25) 2± C C£(0, 24); 

• NOTE: strictly speaking if we tensor Q and O 3 times each, then we 
should do the same to C, but unlike the former two, 3 tensored copies 
of C can easily be reduced to 1 using projection operators without much 
evident loss; I won't go into this now, nor am I completely certain that 
something might be lost in the simplification of T T eg) T down to S, but 
it's worth it for the time being. 

• ei , a=0,l,...,7, qiri , m=0,l,2,3, and k=l,2,3, basis elements for the three 
copies of O and Q (similarly for the adjoint algebras); 



Facts (see reference [1]): 

• Ci Qi(2) :i! C(4) 2± C ® C£(l, 3), the Dirac algebra of (l,3)-spacetime 
(the major difference being that the spinor space, ^(C ® Q), contains an 
extra internal SU(2) degree of freedom associated with Qji). 

• Tl(2) ~ C(25) ~ C(S)CC{1,9), the Dirac algebra of (l,9)-spacetime 
(spinor space ^T; one internal SU(2)). 

• Sl(2) ~ C(2i3) ~ C ® C/:(l,25), the Dirac algebra of (l,25)-spacetime 
(spinor space ^S; 3 internal SU(2)'s). 

The spinor space of Tl(2) can be interpreted as consisting of the direct 
sum of a leptoquark family (2 leptons; 2 quarks; 3 colors) and its antifamily 
((1,3)-Dirac spinors; see [1]). This occurs via a reduction of 

C£(l, 9) — > CC{1, 3) © (extra bits) 

using projection operators. Our goal here will be the following: use projection 
operators to reduce 

(l,25)-spinors — > (l,9)-spinors — > (l,3)-spinors, (1) 

and see what happens to CC{1, 25) under the corresponding algebraic reduction. 
In particular we shall focus on the C£(l,25) 2-vectors, isomorphic to so(l,25), 
and even more particularly we shall focus on the reduction of the transverse 
subalgebra so(24), which reduces as follows: 

so(24) — > so(8) © (extra bits) — > so{2) © (more extra bits). (2) 

The extra bits are our penultimate goal 

Define H ^ ^^<^^ ar 
basis from S^ is the following: 

J&^h J&n-, J&il r^l,2- (3) 

4peL7; 4'>L7; 4'>L7; p = 1,2,3,4,5,6. (4) 

Note that H and J anticommutc with all 24 elements listed above. 
The corresponding 2- vector basis is 

n^^'^ A--12 3- «(^^fl(^^«(^^- fl<^)fl(^)«^^^- fl(^)«^^^fl(^)- r s-1 2- (^\ 

9L3 ' ft^— J^,^,J, QlvILsIls^ iLr'iLslLS^ iLrlLslLa^ r,S — l,Z,, [0) 

p'^^^ A- - 1 2 3- pf^V^^^ p(^^- p(2)p(3) p(i). p(3)p(i) p(2). „ „ _ 1 a. (a^ 

'^Lpq^ fi. — 1,Z,0, ^Lp^Lq-j^Lp: ^Lp^Lq7^Lp^ ^Lp^Lq7^Lp^ -P', y — J^, •••,", V') 

other terms. (7) 

The elements (5) form a basis for so(6); the elements (6) for so(18); and the 
elements (5), (6) and (7) together for so(24). 



Define H = q^Hq-LW^H and J = e^lle'lle'l]- Then our C£(0, 24) 1-vector 



In order to accomplish the reduction (1), we need some projection operators 
(recall: we are concentrating now on the reduction of the transverse elements, 
and in particular on the reduction of the Lie algebra so(24) given in (5), (6) and 
(7)). Define 

pi^) = i(l±zeW); pW=l(l±zeW); pW=l(l±^e«); fc = l,2,3; (8) 
Ai^' = i(l±z,f); AW^i(l±zgW); AW=i(l±zgW); k^ 1,2,3. (9) 
If X e S, then 

„(2) _(2) „(3) (3) ,(2) ,(2) .(3) >(3) r ^i _ pr^i _ (2) (3) , (2) ^ (3) y^ - „Y~ 

(10) 
where X~ G T^^^ = C® Q*^^ ® 0^^\ a copy of T in S. 
The corresponding action on any [/ in S^ is 

U — > PUP (11) 

(note: P is a projection operator, so P^ ^ P)- This action reduces the 1-vectors 
of C£(0, 24) to the set 

MV'ziV. r^l,2; peg, p = 1, ...,6. (12) 

This is a 1-vector basis for a copy of C£(0, 8), as expected (ie., the transverse 
dimensions of (l,25)-spacetime reduce to the transverse dimensions of (1,9)- 
spacetime) . 

The reduction of the 2-vectors (so(24)) is more interesting: 

so(24) — > so(8) X (u(l) X su(3))(2) x (u(l) x su{3))'-^\ (13) 

The projection operator pj^lpj^!^. further reduces the 1-vcctors, a reduction 
of (1,9)- to (l,3)-spacetime on the full set. The reduced Lorentz group, together 
with a surviving su(2) from Q]^ , leaves us with so(l, 25) — > so(l, 3) x 

(m(1) X su{2) X su(3))(^) X (u(l) x su{3)Y^^ x (u(l) x su{3))''^\ (14) 

The spinor reduction can also be done to T*^^' and T*^^', each surviving ■u(l) x 
su{2) X su{3) associated with a different leptoquark family and antifamily. 

These ideas are presented as a mathematical exercise. It has been seen in 
other theoretical arenas that mathematical models of physical reality work out 
well (resonate with) Lorentz spaces of 4, 10 and 26 dimensions. It is at least 
interesting that this expansion of a model based on 10 dimensions, already shown 
to have a striking correspondence with the Standard Model of one leptoquark 
family, should continue the correspondence in 26 dimensions. 

The preceding mathematical development only scratches the surface. Con- 
tinued development would shed light on many other matters, including inter- 
family mixing. 
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